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ABSTRACT 

Possible experiments on t h e  s c a t t e r i n g  of energetic 

p a r t i c l e s  by laboratory plasmas a r e  discussed. Expressions f o r  

sca t te r ing  coef f ic ien ts  i n  terms of t h e  e l e c t r i c  f i e l d  auto- 

correlat ion function a re  derived. Sample s i tua t ions  a r e  considered. 

Whereas incoherent scat ter ing of electromagnetic waves i s  

governed by t h e  charge density auto-correlation function, energetic 

p a r t i c l e  sca t te r ing  i s  governed by t h e  e l e c t r i c  f i e l d  auto- 

correlat ion function. 

I .  
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I. INTRODUCTION 

Plasma k i n e t i c  theories  have developed rap id ly  within t h e  

las t  f e w  years,  but have sometimes lacked t h e  focus t h a t  would 

-0e-i p i = o ~ ~ d &  "u- 6 close p & - f i &  dy;el=ge,?t =f e-werrleltd 

tests. 

of experiments which can provide d i r e c t  t e s t s  of various aspects  

of t he  theory. The purpose of t h i s  note  i s  t o  point  out one such 

possible  measurement fo r  a quantity which i s  of some current 

t heo re t i ca l  i n t e r e s t :  

f i e l d  f luc tua t ions .  

Therefore it i s  of interest  t o  iden t i fy  i n  d e t a i l  c lasses  

t h e  spec t ra l  densi ty  of microscopic e l e c t r i c  

(1-7) 

Energetic par t ic lebeams,  which can be sharply defined i n  

both ve loc i ty  and configuration space, provide a probe fo r  t h e  

s t ruc tu re  of t h e  microscopic f luc tua t ing  e l e c t r i c  f i e l d  i n  a 

plasma. For example, the  angular spread of a sca t te red  beam pro- 

vides a d i r e c t  measure o f  the in tegra ted  spectrum of the  e l e c t r i c  

f i e l d  auto-correlat ion M c t i o n .  

The subject  under discussion i s  d i f f e r e n t  from what are now 

usual ly  ca l l ed  "beam-plasma in te rac t ions .  " "he incident  beam i s  

assumed t o  be so tenuous tha t  it i s  energe t ica l ly  impossible f o r  

it t o  d is turb  t h e  plasma t o  any s ign i f i can t  extent.  

r a t e s  fo r  streaming i n s t a b i l i t i e s  (which w i l l  go t o  zero as  t h e  beam 

Any growth 

I .  
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density goes t o  zero) are assumed t o  be much less than all other 

frequency sca les  of  i n t e r e s t  for  t h e  problem. 

a " tes t -par t ic le"  problem. 

nnrensonable with exis t ing  electron guns and detectors--would involve 

sca t te r ing  one p a r t i c l e  a t  a time. 

We have e s s e n t i a l l y  

The i d e a l  experiment--not i n  f a c t  

General expressions for  t h e  s c a t t e r i n g  coef f ic ien ts  a r e  

derived i n  Par t  11, and various l i m i t i n g  cases a r e  considered i n  

Par t  111. 



1 

5 

11. CALCULATION OF THE SCATTERING COEFFICIENTS 

We idea l i ze  the  plasma as an i n f i n i t e ,  spatially-uniform 

slab,  confined between t h e  planes x = 0 and x = L. 

beam of  charged p a r t i c l e s  with v e l o c i t i e s  V = V e s t r i k e s  tne 

s lab a t  t h e  or ig in ,  passes through it, and i s  detected somewhere 

i n  t h e  region x > L (see Fig. 1). 

A monoenergetic 
4 a 

0 o x  

The sca t te red  particles have charge-to-mass r a t i o  q/m, and 

we e i t h e r  assume Vo >> 

of t h e  same species,  o r  e l s e  t h a t  t he re  a r e  no plasma p a r t i c l e s  of 

t h a t  species.  

p a r t i c l e s  stre t h e  o r i g i n a l  ones shot i n . )  

all therm& ve loc i t i e s  of t h e  plasma p a r t i c l e s  

(This i s  i n  order t o  be sure  t h a t  t h e  detected 

If t h e  number of plasma p a r t i c l e s  per  Debye sphere i s  high, 

t h e  occasional large-angle sca t t e r ing  events (i. e., two-body 

sca t t e r ing  with impact parameters 5 qe/KT) can be cons is ten t ly  

neglected. The sca t t e r ing  will be l a rge ly  due t o  the  co l l ec t ive  

f luc tua t ions  i n  t h e  microscopic e l e c t r i c  f i e l d  and it w i l l  be  

s l i g h t .  

a t  a l l ;  w e  may ca lcu la te  the  t r a j e c t o r i e s  of the  sca t t e red  p a r t i c l e s  

as s m a l l  correct ions t o  t h e  f r ee - f l i gh t  o r b i t s .  

To zeroth order, t h e  incident  p a r t i c l e s  w i l l  not be sca t te red  
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We first compute formally t h e  sca t te r ing  of a s ingle  

incident  p a r t i c l e  i n  terms of  t h e  exact e l e c t r i c  f i e l d  i n  the  

plasma, then introduce s t a t i s t i c a l  averages t o  bring i n  t h e  auto- 

correlat ion f'unctions. If the e l e c t r i c  f i e l d  i n  t h e  plasma i s  

E ( G , t ) ,  t h e  equation of a p a r t i c l e ' s  motion i s  
4 

(we ignore magnetic forces) .  

The e l e c t r i c  f i e l d  i s  most conveniently given as a Fourier 

i n t e g r a l  : 

The i n i t i a l  conditions of the o r b i t  may be taken t o  be 
4 

r(0) = 0, &(O)/dt = qo, and t h e  zeroth approximation t o  t h e  o r b i t  

i s r  = J t .  -+ 

0 0 

The f i rs t  approximation i s  the solut ion of 

d2r' ( t )  ~. 
1 

= Li m q t ) , t )  
dt2 

which i s  

( 3 )  
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+ +  i (k. Vow ) t 
E(k,w) [ e  -11 

+ -  
i ( w+k Vo ) (4) 

a;: (t) 
1 
d t  o m  

and 

4 4  

i (w+k. Vo ) t 
-I] - t ak' dru i ( k , w )  

- + +  
m i (w+k- Vo ) 

- 4 
4 4  

i (w+k. Vo ) t 
-I] - t ak' dru i ( k , w )  

- + +  
m i (w+k- Vo ) 

Correct t o  lowest order, t he  value of t fo r  which t h e  

p a r t i c l e  f irst  emerges from t h e  r i g h t  face of t h e  slab i s  L/Vo E 

say. Thus the  sca t t e r ing  i n  ve loc i ty  and pos i t ion  w i l l  be 

4 -  1 (to) 4 

d t  - vo AV = 
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+ +  

0 
i (w+k. Vo ) t 

i ( w+k- Vo ) 
+ +  

- 
- m i(w+Z.q0) 

Formulas (6) and (7) f o r  t h e  displacement i n  pos i t ion  and 

ve loc i ty  of t h e  sca t t e red  p a r t i c l e  contain much more detai l  than 

we can use, because of  course E(k,w), t h e  exact e l e c t r i c  f i e l d ,  i s  

unknown. However, t h e  experiments w i l l  be  done on nany electrons,  

-++  

so we s h a l l  take ensemble averages, and consider expectation values 

of A; and A r .  
-+ 

We ind ica t e  ensemble averages by brackets (( )). 

Since fo r  spatially-uniform plasmas, (%(z,W))  = 0, the  mean 

values (A;) and (AT) vanish. 

( ( A;)" )'I2 and ((h;)2)1/2 a r e  non-zero. More general quan t i t i e s  

However, t h e  r . m . s .  values 

4 

which we can der ive from A r  and A;, and from which we can derive 

t h e  mean square def lect ions,  a r e  t h e  tensors  
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i(w+Z-Yo)t0 

i(m+k.Vo) 
-11 

+ +  

and 
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-B 

I n  Equations (8) and (9), the  tensor  quantity (:)+ i s  
ku, 

t h e  Fourier transform of the  autocorrelat ion tensor ( E ( x , t )  + +  + +  E ( x ' , t ' ) )  , 
which obeys t h e  well-known re l a t ion  

+ +  
= (2)- G(w+ru')  d(k+k') 

kw 

+ 
The t r a c e  of &r (s)+ , minus t h e  Fourier-transformed s e l f -  

energy of  t h e  plasma pa r t i c l e s ,  has t h e  physical  i n t e rp re t a t ion  of 

being the  spec t r a l  densi ty  of  t h e  energy i n  t h e  f luc tua t ing  e l e c t r i c  

kw 

f i e l d .  

Powerful methods have been developed, l a rge ly  along l i n e s  
+ 

set down by Rostoker, fo r  calculat ing (Z) 
in ten t ion  here t o  add t o  the theory of these quant i t ies ,  but  

r a the r  t o  r e l a t e  them t o  concrete observables i n  t h e  sca t t e r ing  

problem. 

. It i s  not t h e  
Z W  
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111. SCATTERING OVER SEVERAL DEBYE LENGTHS 

The extent t o  which one can go fu r the r  with expressions (8) 

and (9) i s  l a rge ly  determined by t h e  chaxac ter i s t ics  of t h e  

f’hlrt.13at.inn spect.rl1m (3 . These vary widely. 
\ - # +  

kw 
For s i t ua t ions  not grea t ly  d i f f e ren t  from thermal equilibrium, 

we expect t h e  contributions t o  in t eg ra l s  over @)+ 
primari ly  from t h e  regions 

t o  come 
kw 

where Vth = t he  maximum thermal ve loc i ty  i n  the plasma, and L 

LD = 

Debye lengths  th ick ,  and z*?o t >> 1 f o r  most of t h e  values of 2, 

we can approximate (8) and (9) by t h e i r  asymptotic forms f o r  l a rge  

to. 

= t h e  Debye length.  If ,  i n  addition, t h e  plasma i s  many 

0 

0’ 
It i s  simple algebra t o  show t h a t  fo r  l a rge  t 
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The quantity of perhaps most i n t e r e s t  i s  the angular spread produced 

i n  t h e  beam. To t h e  order we a r e  going, t h i s  i s  

-+ 
where Av 

present geometry, the  full expression i s  

i s  the  component of A; perpendicular t o  3 . In  the  I 0 

where 

Since t 

t h e  square root  of t h e  ta rge t  thickness, a familiar result from 

conventional multiple- sca t te r ing  theory. 

= L/Vo, the  mean angle o f  sca t te r ing  i s  proportional t o  
0 

- 
(8) 

A computation of the  d i f f e r e n t i a l  sca t te r ing  cross section 

does not appear t o  be feas ib le  i n  the  present framework. The 

calculat ion seems t o  amount t o  determining a r b i t r a r i l y  many moments 

of  the probabi l i ty  of sca t te r ing  i n t o  an element of  angle de, 



. 
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and so far we have only t h e  second moment. 

n th  moment involves, Lor  example, the  4n-dimensional Fourier 

transform o f  such ensemble averages as 

The expression f o r  the  

+ - #  + +  4 -  

(E(x, t )  E ( x ' , t ' )  E(x",t") . . . n f a c t o r s )  , 

which rapidly become cumbersome. 

A simple appl icat ion of (13) i s  recovery of the  Spi tzer  

ninety-degree deflection time f o r  a suprathermal p a r t i c l e .  For 

an electron-proton plasma, the theory'') gives : 

2 noe2 C .  F.(-w/k) - J J  
kw TT k5 l D + ( c , i w ) 1 2  ' 

where 

n = number density of e lectrons and protons 
0 

- 4  

Fj(u)  = r f.(;) G(u-k-v/k) d; 
J 

f .(;) = dis t r ibu t ion  fbnction of j t h  species (e lectron o r  
J proton ) 

F . ' ( u )  du 

ro+ku-is 
0 D + ( s , i w )  = 1 - 

€4 J 
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We may estimate the  in tegra l  i n  (l3), f o r  the  case of 

equilibrium f .  (s) and V >> all thermal ve loc i t ies ,  as follows. 

Most of t h e  contribution w i l l  come from t h e  range 5 5 < k - 0' 

where k = K"/e2. For I much less than %? the  I D'I ge t s  very 

l a r g e  and makes t h e  integrand negl igible .  Roughly, t h i s  p a r t  of 

k-space corresponds t o  distances greater  than a Debye length, 

J 0 

0 

4 

which makes a na tura l  l imitat ion on t h e  dis tance over which t h e  

low-frequency p a r t  of t h e  e l e c t r i c  f i e l d  can remain correlated.  

The neglect of  t h e  p a r t  o f  ;-space with I 2 I > k 

A S  iisiialI t o  t h e  n e d e c t  of verv close encounters. 

a l l  of t h i s  range of 2, and f o r  V 

This gives 

corresponds, 
0 

Over near ly  
+ - 

large,  we have D as - 1. 
0 

u 

4 n e2 
- - 0 (An?) [: 11 - 5) C. J J  F .  ( - 5 )  

-V 
vO 

0 
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so  t h a t  

t + n An($). ((Ae).) - 16rr g, 0 
0 

m2 v 
(16) TT 0 - - 

'900-scattering 7 X  noe2qd An (ko/kD) 

This agrees,up t o  a numerical f ac to r  of order uni ty ,  with the  

Spi tzer  ninety-degree def lect ion time fo r  t h e  same s i tua t ion .  

From (l5), w e  may a l so  inquire  i n t o  the  thickness of a 

( 6 )  

plasma necessary t o  s c a t t e r  a beam through an angle cp, say: 

1 9 cp" 
no$edRn (ko/kD) 7 

L =  

where T = mV ' / 2  i s  the  p a r t i c l e  k ine t i c  energy. 
0 

Formula (17) i l l u s t r a t e s  what may prove t o  be one of t h e  

more annoying d i f f i c u l t i e s  i n  t h e  experiment: when T i s  l a rge  

enough for  t h e  sca t t e red  p a r t i c l e s  t o  be e a s i l y  countable, and 

cp i s  measurably la rge ,  (17) only leads t o  reasonable lengths  when 

n i s  very la rge .  
0 
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For example, i f  we estimate dn (ko/kD) at about 10, requi re  
.-.. + 

cp t o  be 2 degrees, and l e t  no - 
sca t t e r ing  a k i lovo l t  electron--a prohib i t ive ly  l a rge  plasma. 

Bringing t h e  energy down t o  50 eV gives L 1~ 1G a, :;it 59 eV i s  

ge t t ing  close enough t o  t h e  thermal energy of most r ea l i zab le  plasmas 

then L - 5 x lbl cm f o r  

a. 

t h a t  problems might w e l l  a r i s e  i n  dis t inguishing the  sca t te red  

p a r t i c l e s  from t h e  plasma pa r t i c l e s .  

Perhaps t h e  best solut ion t o  t h e  dilemma i s  t o  sca t t e r  only 

pos i t i ve  ions of species which a r e  not present  i n  the  plasma. 

energies of these  could be made low enough t o  reduce L t o  reasonable 

The 

values without r i s k  of confusion with t h e  plasma pa r t i c l e s .  If t h e  

ions were multiply charged, L would of course be k t h e r  decreased, 

due t o  t h e  q2 i n  the  denominator of (17). 

Some circumstances can a c t  t o  g rea t ly  enhance plasma 

f luc tua t ions  and thus great ly  increase ((A0)” ) . Most notably, 

as an unstable  s i t ua t ion  i s  approached, I D  1:” develops a resonance 

which dominates the  in t eg ra l s  over ( s k  -t 4, eventually diverging 

+ 
4 

k, -k-Vo 

as t h e  s t a b i l i t y  boundary is reached. (A plasma carrying a current 

s l i g h t l y  l e s s  than t h a t  required for  the  onset of i n s t a b i l i t y  i s  

t h e  most obvious example. ) The greatly enhanced sca t t e r ing  of 

t h e  t e s t  beam can a c t  as  a plasma probe t o  s igna l  t h e  approach of 

an i n s t a b i l i t y ,  

of t he  energet ic  par t ic le -sca t te r ing  technique. 

and may prove t o  be the  most important appl icat ion 
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FIGURE CAFTION 

Figure 1. Geometry of t h e  sca t te r ing .  The incident  beam 

s t r i k e s  the  plasma from the  l e f t  at the or ig in .  
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